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Abstract.1 We study relations of some classes of k-convex, k-visible bodies
in Euclidean spaces. We introduce and study circular projections in normed lin-
ear spaces and classes of bodies related with families of such maps, in particular,
k-circular convex and k-circular visible ones. Investigation of these bodies more
general than k-convex and k-visible ones allows us to generalize some classical
results of geometric tomography and find their new applications.
Introduction
As usual, a convex body in n-dimensional Euclidean space En (over reals, com-
plex or quaternion numbers) is a compact convexK set with non-empty interior,
int(K), whose closure coincides with the body, cl(int(K)) = K. The classical
problem of geometric tomography concerns the reconstructing a body K of
E
n from the knowledge of its orthogonal projections onto (n − k)-planes of a
preselected family Pk.
Convex bodies are characterized by the property that they can be repre-
sented as intersections of families fo (supporting) half-spaces. The axiomatic
approach to the notion of convexity consists of the following. In an arbitrary
set X , we choose a certain family B of subsets (called the convexity base). A set
K is called B-convex if it is an intersection of some subfamily of sets from B.
Reshetnyak [1] considered some generalization of convex surfaces, called δ-
touched surfaces, in order to study behavior of geodesic lines on these surfaces.
Following the same direction we have introduced in [2] the ε-convex bodies (more
general than convex ones) and investigated the problem of determination of ε-
convex bodies by their projection-type images. Instead of supporting half-spaces
(as a family B) we used there some different shapes such as complements to balls
and cylinders and introduced circular projections onto punctured hyperplanes.
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Some results for the convex bodies can be proved for k-convex and k-visible
bodies (see [3]) and k-visual bodies (see [4], [5]) as well. The definition of a k-
convex submanifold was introduced in [6] as a multi-dimensional generalization
of a convex surface. In order to prove stability of determination of k-visible
bodies by their images under projections, the first author [7] introduced α-rough
bodies, where α ∈ (0, pi]; for α = pi we get the class of convex bodies.
In the present work we extend the classes of k-convex and k-visible bodies
in En and study the problems of their reconstruction from the knowledge of
orthogonal projections onto (n − k)-planes. We introduce our main tool, the
families Pk of circular projections onto punctured (n−k)-dimensional planes.
In order to extend our previous results [2], [3], [8], [9], following to the ”soft-
hard” ranking of geometrical categories described in [10], we study the classes of
C-convex KPki ,Kk,εi and VPki ,Vk,εi (i = 1, 2, ε > 0) of C-visible bodies, more
general than ε-convex or ε-visible classes of bodies introduced in [2]. In the
definitions of these classes we consider
– the boundary points of the bodies (i = 1),
– the points disjoint from the bodies (i = 2).
We prove strong inclusions between these classes. Note that the classes Kk2 , KPk2
and Kk, ε2 are closed under intersections of bodies, some results for the second
type of bodies (i = 2) can be extended to the wider 1st one (i = 1).
It is interesting to find conditions C such that ”If the bodies U, V⊂En satisfy
C and their circular projections of a preselected family Pk coincide then U = V ”.
Much more hard and general question is the following: What kind of con-
dition CT and what kind of transformations PT, ST should be taken in order
to get a proposition: ”If U, V ⊂ En satisfy CT and their circular projections of
a family Pk are PT-equivalent, then the bodies U, V are ST-equivalent in the
ambient space”?
For the case of orthogonal projections some answers to the question above
were obtained in [3], [8]. The study of circular projections and circular C-
visible bodies allows us to extend some classical results of the theory of convex
bodies, see for example [3], [11], and to find their new applications in geometric
tomography.
1 k-Convex bodies and visual hulls of sets
In what follows we as usual consider compact bodies in En over reals. Let
P k ⊂ En be a k-dimensional plane (i.e., an affine k-subspace). Denote by
B(P k, r) = {x ∈ En : dist(x, P k) ≤ r} (1)
a solid cylinder of radius r > 0 with the axis P k, that is the metric product of
E
k and a ball Bn−k(O, r) ⊂ En−k. For k = 0, (1) gives us a ball Bn(C, r).
Definition 1 Let L be a body (usually we consider balls or cylinders) or a
k-dimensional plane in En. We call L supporting a body K if L intersects ∂K
and L is disjoint from intK.
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A half-plain P k+1≥ can be represented as the union P
k+1
> ∪ P k of an open
half-plane P k+1> and a boundary k-plane. A half-plane P
k+1
≥ will be called
supporting a body K if P k ∩ ∂K 6= ∅ and P k+1> ∩ B(P k, r) is disjoint from
intK for some r > 0 depended only on K. In this case, obviously, P k is
supporting K. In what follows for simplicity we assume r =∞.
Definition 2 A body K ⊂ En (n > 2) is called k-convex of a class Kki if
Kk1 : any point x ∈ ∂K belongs to the boundary of a half-plane P k+1≥ support-
ing K.
Kk2 : any point x /∈ K belongs to the boundary of a half-plane P k+1≥ disjoint
from K.
A body K ⊂ En is called k-visible of a class Vki if
Vk1 : any plane Qk−m supporting K belongs to the boundary of a half-plane
P k+1≥ supporting K.
Vk2 : any plane Qk−m, which is disjoint from K, belongs to the boundary of a
half-plane P k+1≥ disjoint from K.
Here 0 < m ≤ k < n, and the 0-dimensional plane is a point.
A connected boundary component of a k-convex (or k-visible) body K is called
a k-convex (or k-visible) hypersurface of a certain class listed above.
Remark 1 (a) A Π-shaped non-convex body in E3 belongs to Kk1 .
(b) A connected body of a class Kn−11 is a convex one.
Proposition 1 The conditions Kki (i = 1, 2) are equivalent to the next ones:
(i = 1) for any x ∈ ∂K, K ∈ Kk1 , there is orthogonal projection f : En → Pn−k
such that f(x) is a vertex of a ray supporting f(K).
(i = 2) for any x /∈ K, K ∈ Kk2 , there is orthogonal projection f : En → Pn−k
such that f(x) is a vertex of a ray disjoint from f(K).
The condition Vki (i = 1, 2) is equivalent to the following one:
(i = 1) for any plane Qk−m supporting K, K ∈ Vk1 , there is orthogonal pro-
jection f : En→Pn−k such that f(Qk−m) is a vertex of a ray supporting f(K).
(i = 2) for any plane Qk−m disjoint from K, K∈Vk2 , there is orthogonal projec-
tion f : En→Pn−k such that f(Qk−m) is a vertex of a ray disjoint from f(K).
The proof of Proposition 1 follows from the definitions.
Remark 2 The classes of k-convex and k-visible bodies can be defined rela-
tive to any non-empty family Pk of orthogonal projections onto (n− k)-planes.
Class Vk2 for k = 1 is closed under the intersection of bodies in En, for k > 1
this claim fails, [3]. Note that V1i = K1i (i = 1, 2). Remark that the properties
(i = 1) fail if one will replace the definitions of Kk1 and Vk1 by weaker ones:
Kk1−: any point x ∈ ∂K belongs to a k-plane P k supporting K.
Vk1−: any plane Qk−m supporting K belongs to a plane P k supporting K as well.
Similarly one may formulate weaker conditions Kk2− and Vk2−. Some of results
of this section can be proved for the above classes of bodies.
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Example 1 (a) The union of black squares of a chess-board and its n-dimensio-
nal analogues provide examples of bodies (not homeomorphic to a ball) in En
of the classes Kn−11− \ Kn−11 and Vn−11− \ Vn−11 . Example with homeomorphic to
a ball bodies is given in what follows.
(b) Consider a homeomorphic to a ball body K in E3 between two helicoids,
surfaces M1 and M0, where Mh : [u cos v, u sin v, v + h] and 0 ≤ v ≤ 2pi, 0 ≤
u ≤ 1. The projection of K onto xy-plane is a unit disc. The property (Kk1−)
for k = 1 is satisfied, but the xy-projection of the z-axis (supporting K) is the
inner point (the origin) of the disc. Hence, K 6∈ Kk1 .
The following result was proved in [3] for a smaller class Vk2 .
Lemma 1 (a) A connected body K ∈ Vn−11 in En is convex. (b) The projection
of a body K ∈ Vk1 in En onto any hyperplane belongs to a class Vk−11 . The cor-
responding visibility will be for its projections onto planes of smaller dimension,
in particular, the projection of a body K ∈ Vn−21 in En onto any 3-plane belongs
to a class V11 .
Proof. Part (a) of lemma follows from the fact that the body K lies on one
side of its supporting hyperplane.
(b) Let K(ω) be the projection of K onto a hyperplane Pn−1(ω), orthogonal
to unit vector ω ∈ En and let y ∈ ∂K(ω). All inverse images of this point under
projecting lie on the boundary of K. Let z ∈ ∂K be one of inverse images of
the point y. The line l(yz) is supporting K and, by definition of the class Vk1 ,
belongs to (k + 1)-dimensional half-plane Hk+1, supporting K. The image of
Hk+1 under projection onto Pn−1(ω) is a k-dimensional half-plane, supporting
K(ω).
Theorem 1 Kk2 ⊂ Kk1 , Vk2 ⊂ Vk1 and Vki ⊂ Kki (i = 1, 2).
Proof. Kk2 ⊂ Kk1 . Given K ∈ Kk2 and x¯ ∈ ∂K, consider a sequence xi 6∈ K
such that xi → x¯ for i → ∞. Due to (Kk2 ), for each i there is a k-plane P ki
containing xi which bounds a half-plane P
k+1
≥,i
disjoint from K. Let pi be the
normal to P ki at xi directed inside of P
k+1
≥,i
. Taking a subsequence of integers, one
may assume that there are a unit vector p¯ = lim
i→∞
pi and a k-plane P¯
k = lim
i→∞
P ki
containing x¯. Then P¯ k bounds a half-plane P¯ k+1> and p¯ ⊥ P¯ k is a unit normal
to P¯ k at x¯ directed inside of P¯ k+1≥ . We claim that P¯
k+1
≥ is supporting K. To
show this assume an opposite, that is P k+1> contains a point y ∈ intK. Using
standard isometry φi : P¯
k+1
≥ → P k+1≥,i , φi(x¯) = xi, we find a sequence of points
yi = φi(y) /∈ K converging to y. From this it follows that y /∈ intK, that is
a contradiction. Other inclusions can be proved analogously. Strong inclusions
follow from examples in the sequel.
Example 2 (a) K ∈ Kk1 \ Kk2 for k = 1, n = 3. Consider an envelope D
(homeomorphic to a disc) with four unit square faces, and two sections along p
and q, see Fig. 1. Let us bend D × [−c, c] (for small c) about r by an angle a
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Figure 1: A body K ∈ Kk1 \ K
k
2 (k = 1), its ”envelope” and model of 13 cubes.
bit smaller than 90o, and by 90o about the lines p, q. We obtain a body K ⊂ E3
that partially surrounds a cube (from four faces). Obviously, K ∈ K11, but the
property K12 is not satisfied for the point C(0,−1/4, 1/4) /∈ K close to the front
face (r). A cylinder K ′ = K × [−a, a] ⊂ E4 is the body K ′ ∈ Vk1 \ Vk2 for
k = 2, n = 4.
(b) Example of a body K ∈ Kk2 \ Vk2 for k = 2, n = 4, (i.e., a 2-convex body
in E4 that is not 2-visible) is given in [3].
The following simple result was obtained by the first author on the initial
stage of the study of the question that was formulated in Introduction.
Lemma 2 ([3]) Let V1, V2 ∈ Kk2 be compact bodies in En, n > 2, n − k > 1
(real, complex or quaternion) and G be a group of all either translations, or
homotheties or is trivial. If the projections of V1, V2 onto any (n − k)-plane P
coincide relative to G, then V1, V2 also coincide relative to G.
This claim is wrong in the real case for n − k = 1 and non-trivial G, since
two different bodies of constant width have isometric projections onto any line.
Remark 3 Let K ∈ Kk1 (k > n/2) be a body in En, and let ∂K be a C2-
regular hypersurface with a unit normal ξ directed inside. By conditions, any
point x ∈ ∂K belongs to a plane P kx disjoint from intK. From this we conclude
that P kx ⊂ (TM)x, and the 2nd fundamental form of ∂K is non-negative on P kx .
hypersurface. Hence at least k eigenvalues of the (symmetric) Weingarten op-
erator Aξ are non-negative. In this case, the homology groups (with integer
coefficients) Hn−1−k+s(∂K) = 0 for 0 < s < 2k − n − 1, see Lemma 16 in [12]
and also Lemma 6(b) in [9].
Definition 3 Given set W in En and a non-empty family Pk (of orthogonal
projections onto (n− k)-planes), a visual hull Pk〈W 〉 is the largest set V such
that f(V ) ⊆ f(W ) for all f ∈ Pk. A body K ⊂ En is visual relative to Pk if
Pk〈K〉 = K [4].
If f is a projection onto subspace P ⊂ En, R(f) denotes its range, i.e., P .
Denote by P¯k a family of orthogonal projections onto all (n− k)-planes in En.
5
Proposition 2 ([4]) Pk〈K〉 = K if and only if for every x /∈ K there exists a
f ∈ Pk such that x+R(f)⊥ does not intersect K.
The visual hulls of bodies in E3 for finite families Pk (reconstructions of
3-D shapes from multiple calibrated photographs) are studied in computational
geometry and computer vision, see [5], [13], etc.
Proposition 3 K ∈ Kk2 if and only if P¯n−k〈K〉 = K.
Proof. Suppose that there is x ∈ P¯n−k〈K〉 \ K. By definition of Kk2 , x
belongs to some k-plane P k which is disjoint from K, hence the projection of
K onto orthogonal (n− k)-plane (P k)⊥ does not contain the image of x. Thus
x /∈ P¯n−k〈K〉, a contradiction.
2 Circular projections and convexity
We will extend the classes of k-convex bodies in En in a way that the role of
k-planes will play the k-dimensional spheres of radius 1/ε for a given ε > 0, and
the circular projections will be used instead of orthogonal ones.
2.1 Circular projections
A (n − k)-plane P (C) containing a point C ∈ En is called the punctured
(n − k)-plane. Denote by P⊥(C) the punctured k-plane orthogonal to P (C).
Let Sn−1(C, r) be a sphere of radius r > 0 centered in C, and Sn−k−1(P (C), r) =
Sn−1(C, r)∩P (C) be a sphere of the same radius and center. Given x /∈ P⊥(C),
let S⊥(P (C), x) be a large k-sphere in a sphere Sn−1(C, |Cx|) through x and
orthogonal to a large sphere Sn−k−1(P (C), |Cx|).
Definition 4 Let P (C) be a punctured (n− k)-plane. Define a circular pro-
jection fP (C) : E
n\P⊥(C) → P (C)\C as follows. Given x /∈ P⊥(C), let
fP (C)(x) be the closest to x point of the sphere S
n−k−1(P (C), |Cx|) ⊂ P (C).
One may represent a circular projection explicitly by a formula. If C = O,
ω = prP⊥(C)(x)/|| prP⊥(C)(x)|| and x 6∈ P⊥(O) then
fP (O)(x) =
‖x‖√
x2−(ω,x)2
[x− (ω, x)ω]. (2)
The circular projection fP (C) keeps the distance of a point x to C. The cir-
cular projection of a ball can be a non-convex body, see [2].
The circular projections onto punctured 1-planes (lines) have more simple
’nature’ than ones onto higher dimensional planes; circular projection onto any
two lines through C are similar in some sense. Here, one can define a positive
circular projection |fC | : En → R+ as |fC |(x) := |Cx|.
For the real Euclidean space En, the points |fC |(x) and x belong to the same
half-space with respect to hyperplane P⊥(C). For the complex or the quaternion
space En the intersection (with a line) P (C) ∩ San−1(C, |Cx|) (a = 2, 4) is a
(a− 1)-sphere, and |fC |(x) is the nearest to x point of this sphere.
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Remark 4 In order to generalize the notion of circular projections we consider
fibration pi0 : E
n \ (0 × Ek) → En−k \ {0}, the fiber S0(x) = pi−1(x) is a k-
dimensional surface, in particular case, such construction has ellipsoidal fibers.
Let g : [−a, b] → R+ (where 0 < a, b ≤ ∞) be a smooth convex function
such that g(0) = 1, g′(0) = 0 and the curvature kg ≤ 1. Denote by γR a curve
x = Rg(y/R) that is either contained in the interior of a real half-space E2+ or
meets its boundary m transversally.
Suppose that En = En−k ×Ek for some k, and let E2+ is orthogonal to both
factors (say, x-axis belongs to En−k and y-axis belongs to Ek). Now, the group
SO(n) contains a subgroup G isomorphic to SO(n−k)×SO(k) whose action on
E
n splits along the factors G1 = SO(n−k) and G2 = SO(k). This gives rise
to a G-invariant hypersurface Mn−1R = G(γR) ⊂ En called a hypersurface of
revolution with γR as profile. EachM
n−1
R intersects E
n−k×{0} by a sphere
G1(γR(0)) = S
n−k−1(R) of radius R, i.e., the G1-orbit of a point γR(0). The
action of a subgroup G2 gives us a fibration pi0 : E
n \ (0 × Ek) → En−k \ {0},
the fiber S0 = G2(γR) is the k-dimensional surface. Moreover,M
n−1
R is a union
of such surfaces.
For example, if g(y) =
√
1− x2 then γR is a semi-circle and Mn−1R is a
sphere of radius R, and G1(γR) is a large k-sphere orthogonal to (n− k)-sphere
Mn−1R ∩ En−k. Similarly, g(y) = (b/a)
√
1− x2 produces the ellipsoids.
Definition 5 Given a punctured (n − k)-plane P (C), consider a Euclidean
motion T : En\P⊥(C) → En \ Ek. Let g : [−a, b] → R+ be as above. Then
piC := T
−1 ◦ pi0 ◦ T : En\P⊥(C) → P (C) \ C is a fibration by k-dimensional
surfaces. Denote by Mk(P (C), x) such a fiber through a point x 6∈ P⊥(C).
For any such point denote by fP (C)(x) the closest to x point of the sphere
S(P (C), g, x) := S(C,R(x)) ∩ P (C), where Mn−1
C,R(x) a hypersurface containing
x. We call fP (C) : E
n\P⊥(C) → P (C)\C a g-non-linear projection onto
P (C). Denote by S⊥(P (C), x) a k-dimensional ’surface-meridian’ in Mn−1
C,R(x)
through x (orthogonal to a sphere S(P (C), g, x)).
The definitions (starting form Definition 7) and results in what follows can
be generalized for the g-non-linear projections.
2.2 C-convex bodies and their companions
First, we extend the Definitions 1 and 3.
Definition 6 A ball Bk+1(x, r) with the boundary sphere Sk(x, r) in En will
be called supporting a body K ⊂ En if Sk(x, r) ∩ K 6= ∅ and Bk+1(x, r) is
disjoint from intK.
Definition 7 Let Pk be a non-empty family of circular projections onto punc-
tured (n−k)-planes in En. We say that subsets A,B of En are Pk-C-equivalent,
written A
Pk∼ B, if and only if f(A) = f(B) for all f ∈ Pk. For each subset A of
E
n we define Pk〈A〉 to be the union of all subsets B satisfying B Pk∼ A.
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The C-visual hull CPk〈W 〉 of a set W in En is the largest set V such
that f(V ) ⊆ f(W ) for all f ∈ Pk. A body K ⊂ En is called Pk-C-visual if
CPk〈K〉 = K.
Proposition 4 CPk〈K〉 = K if and only if for every x /∈ K there is fP (C) ∈Pk
such that S⊥(P (C), x) does not intersect K.
Proof almost completely repeats the proof of Proposition 3.
1. Let x ∈ CPk〈K〉 \ K. Thus for all circular projections fP (C) ∈ Pk the
image of this point, fP (C)(x), belongs to fP (C)(K), but then the corresponding
circles S⊥(P (C), x) will intersect K.
2. Let for any point x 6∈ K there exists a circular projection fP (C) ∈ Pk
such that S⊥(P (C), x) does not intersect K. Thus fP (C) 6∈ Pk, and we may
conclude that any point outside of K does not belong to CPk〈K〉.
Consider several useful families Pk.
Example 3 Given a set M ⊂ En, denote by Pk,M the family of circular pro-
jections onto punctured (n− k)-planes P (C) in En such that C ∈M .
If a body K belongs to a ball B(x, r), one may consider M = Sn−1(x, r) –
a sphere.
The following two examples are used in our study:
1. Given a body K ⊂ En, denote by Pk,K, ε a family of circular projections
onto punctured (n−k)-planes P (C) such that P⊥(C)∩K = ∅, and dist(C,K) ≤
1/ε. If we take M = {C ∈ En : dist (C,K) ≤ 1/ε} then we obtain the classes of
Definition 8 in what follows.
2. Given a k-plane Lk ⊂ En, denote by PLk a family of circular projections
onto punctured (n − k)-planes P (C) in En such that C ∈ Lk and P (C) ⊥ Lk.
For Pk = PLk in Definition 8 we obtain 4 classes of bodies, that will be denoted
by KPk,i(Lk),VPk,i(Lk), i = 1, 2.
In order to study the question (see Introduction), we will extend the Defi-
nition 2.
Definition 8 A body K ⊂ En is called C-convex of a class Kk, εi (for some
ε > 0 and 0 ≤ k ≤ n− 1) if
Kk, ε1 : for any point x ∈ ∂K there is a fP (C) ∈ Pk,K, ε such that x ∈ P (C),
|Cx|=1/ε and fP (C)(x) ∈ ∂(fP (C)(K)),
Kk, ε2 : for any point x /∈ K, dist(x,K) ≤ 1/ε, there is a fP (C) ∈ Pk,K, ε such
that x ∈ P (C), |Cx|=1/ε and fP (C)(x) is disjoint from fP (C)(K).
A body K ⊂ En is called C-visible of a class V k, εi if
V k, ε1 : for any ball B˜k−m+1(C, 1/ε) supporting K there is a fP (C) ∈ Pk,K, ε
such that ∂B˜⊥S(P (C), 1/ε) and fP (C)(B˜) is supporting fP (C)(K),
V k, ε2 : for any sphere S˜k−m(C, 1/ε) disjoint from K and dist (C,K) ≤ 1/ε,
there is a fP (C) ∈Pk,K, ε such that S˜⊥S(P (C), 1/ε) and fP (C)(S˜) is disjoint
from fP (C)(K).
Here, as above, 0 < m ≤ k < n, and the 0-dimensional sphere is a point.
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Similarly one may define the classes KPk,i (i = 1, 2) of C-convex and C-
visible bodies in En relative to any family Pk (in particular, for PLk and Pk,M )
of circular projections onto punctured (n−k)-planes P (C).
One may verify (applying just the set theory arguments) that if a body K
is the intersection of connected bodies of a class Kk,ε2 then K also belongs to
Kk,ε2 . This intersection can be disconnected.
Proposition 5 The conditions K ∈ Kk, εi (i = 1, 2) are equivalent to the fol-
lowing ones:
(i = 1) any point x ∈ ∂K belongs to a ball Bk+1(C, 1/ε) supporting K,
(i = 2) any point x /∈ K, dist(x,K) ≤ 1/ε, belongs to the boundary sphere
of a ball Bk+1(C, 1/ε) disjoint from K.
The condition K ∈ Vk,εi (i = 1, 2) is equivalent to the following ones:
(i = 1) any ball Bk−m+1(C, 1/ε) supporting K belongs to a ball Bk+1(C, 1/ε)
supporting K as well,
(i = 2) any sphere Sk−m(C, 1/ε) disjoint from K and dist (C,K) ≤ 1/ε
belongs to the boundary sphere of a ball Bk+1(C, 1/ε) disjoint from K as well.
The proof of Proposition 5 obviously follows from the definitions.
Remark 5 We have introduced in [2] a ”k = n − 1 version” of the C-convex
objects. A body K ⊂M was called ε-convex of a class Kεi (for some ε > 0) if
Kε1: any point x ∈ ∂K belongs to a supporting ball (of K) of radius 1/ε,
Kε2: any point x /∈ K belongs to a ball B of radius 1/ε such that intK ∩B=∅.
Here only the class Kε1 coincides with Kn−1, ε1 . Simple examples show that
corresponding classes Kn−1, ε2 and Kε2 are different.
Theorem 2 The strong inclusions hold for all ε > 0, k < n, i = 1, 2:
Kk, ε2 ⊂ Kk, ε1 , Vk, ε2 ⊂ Vk, ε1 , and Vk, εi ⊂ Kk, εi .
Proof is similar to the proof of Theorem 1 in [2].
Kk, ε2 ⊂ Kk, ε1 . Let x∗ ∈ ∂K, K ∈ Kk, ε2 . Consider a sequence of points xi /∈
K converging to x∗. By condition, for any i there is a sphere S
k(Ci, 1/ε),
containing xi and disjoint from K, moreover, dist(Ci,K) ≤ 1/ε. The bounded
sequence of points {Ci} has a limit point C∗, moreover, dist(C∗,K) ≤ 1/ε and
1/ε ≥ lim
i→∞
ρ(xi, Ci) = ρ(x∗, C∗).
Hence, x∗ ∈ Sk(C∗, 1/ε) and a sphere Sk(C∗, 1/ε) is disjoint from intK and
determines a circular projection from a class Kk, ε1 .
Other inclusions can be proved analogously.
Example 4 One can produce examples of bodies K ∈ Kk, ε1 \ Kk, ε2 applying
small deformations to corresponding examples of K ∈ Kk1 \ Kk2 , see Fig. 1,
where a circular domain about the coordinate center is replaced by a spherical
shell of radius 1/ε, see Fig. 2.
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Figure 2: K ∈ Kk,ε
1
\ Kk,ε
2
(k = 1).
The following proposition was proved in [2] for k = n− 1.
Proposition 6 If a connected body K ∈ Kk, ε1 has diamK < 1/ε then the
boundary ∂K is connected as well.
Proof. Let K be connected and its boundary ∂K is not, then one of
components of ∂K, denote it by ∂1K, separates K from ”infinity” (or from
E
n \ convKε). Now, ∂1K is a boundary of some body L such that diamL =
diam(∂K) = diamK. Let ∂2K 6= ∂1K be another component of ∂K and let
x1 ∈ ∂2K. If K ∈ Kk,ε1 then x1 should be contained in L and in some support-
ing ball Bk+1(C, 1/ε), moreover, dist(C,K) ≤ 1/ε. So, Bk+1(C, 1/ε) ⊂ L and
diamL ≥ 1/ε, a contradiction.
Next we consider a special case of Definition 7.
Definition 9 The ε-visual hull CPk, ε〈V 〉 of a set V in En (defined by the
family Pk,V, ε of circular projections) is the largest set K such that f(K) ⊆ f(V )
for all f ∈ Pk,V, ε. A body K ⊂ En is called ε-visual (relative to Pk,K, ε) if
CPk,ε〈K〉 = K.
Proposition 7 If diamK < 1/ε, then K ∈ Kk, ε2 if and only if CPk, ε〈K〉 = K.
Proof. From definition of the class Kk, ε2 it follows that for any point x /∈ K
there is a circular projection fP (C) ∈ Pk,K, ε such that |Cx|=1/ε and fP (C)(x)
is disjoint from fP (C)(K). Hence, any point outside of K does not belong to its
ε-visual hull CPk, ε〈K〉.
Remark 6 For the ”large” bodies (diamK ≥ 1/ε) this proposition is wrong:
Let K = B(0, 3/ε) \ B(0, 2/ε). For any point C ∈ B(0, 2/ε) and for any
plane P (C) of any dimension the orthogonal complement P⊥(C) intersects this
body K which obviously belongs to Kk,ε2 , for any k, 1 < k < n (for ”small”
bodies, i.e., diam(K) < 1/ε, this claim fails). Hence, for determination of the
ε-visual hull CP k,ε(K) one should take the centers C outside of the ”large” ball
B(0, 3/ε), i.e., we have here CP k,ε(K) = B(0, 3/ε).
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2.3 Reconstruction of C-convex bodies by their circular
projections
Theorem 3 If the circular projections of V1, V2 ∈ Kn−1,ε2 onto any punctured
line P 1(C) coincide, and diamV1, diamV2 < 1/(2ε), then V1 = V2. Here C is a
center of any ball of radius 1/ε supporting V1 or V2.
Proof. 1. It follows from the conditions that if B(C, 1/ε) is supporting V1,
then it is supporting to V2 and vice versa. In the same way one can verify that
dist(V1, V2) < 1/(2ε).
2. Hence conv(V1) = conv(V2). We denote it by K, its diameter is less
1/(2ε) as well and any center of supporting ball with radius 1/ε can not be
contained in K.
3. Now, if y2 ∈ V2 ⊂ K and y2 /∈ V1, then we can assume that y2 ∈ intV2;
y2 ∈ B(C(y2), 1/ε) ≡ B2, B2 is disjoint from intV1 by definition of the class
Kn−1,ε2 . This ball B2 can not be supporting V1, otherwise it should be supporting
to V2. So, B2 is disjoint from V1.
4. Let E(y2) be the equatorial hyperplane of B2 orthogonal to the line
[C(y2), y2]. This hyperplane divides the space E
n. Since the bodies V1, V2 are
”small”, one of these half-spaces En+, contains V1 and V2, another one E
n
− does
not contain them.
5. We shall move B2 in the direction
−−−−−−→
y2, C(y2) – outside of K and the
result will be denoted by B2(t). During this displacement the balls B2(t) will
be contained in the union B2 ∪ En−, so they will never intersect V1. At some
moment t1 the ball B2(t1) will be supporting V2. But when B2 moves outside
of K it can not touch V1. This contradiction follows from assumption 3.
Hence V1 = V2.
Remark 7 For ”large” bodies V1, V2, diamV1, diamV2 > 1/ε and for positive
circular projection Theorem 3 is wrong:
Let V1 ⊂ E2 be a ring 1 + 2/ε ≤ |x| ≤ 3 + 2/ε and V2 = V1 ∪B(0, 1), where
B(0, 1) is a unit ball centered in the origin. All the balls B(Z, 1/ε) centered in
Z, |Z| = 1 + 1/ε are supporting both for V1 and V2 (and for B(0, 1)). Clearly,
for all such Z we have |fZ |(V1) = |fZ |(V2).
Theorem 3 also fails for a wider class Kn−1,ε1 that can be seen from examples
similar to above one.
Proposition 8 If a body V1 ⊂ En \ Lk belongs to a class KPk,2(Lk) (1 ≤ k ≤
n − 1), and V2 is obtained from V1 by some rotation of En about Lk (i.e., by
some transformation in SO(n−k)), then for any C ∈ Lk the circular projections
fP (C) of the bodies V1 and V2 onto the plane P
n−k(C) are congruent with respect
to some rotation of this plane (or are SO(n− k)-equivalent).
Proof. The proof immediately follows from the fact that for any C ∈ Lk
the sphere Sn−1(C, r) and decomposition of the space En = Lk ⊕ Pn−k(C) are
invariant with respect to the action of SO(n− k).
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We will say that a body K ⊂ En surrounds a plane Pn−2 if any half-plane
Hn−1 bounded by Pn−2 intersects K.
Here is an example of an answer to the question from the Introduction.
Theorem 4 If the bodies V1, V2 ⊂ En \ Ln−2 belong to a class KPn−2,2(Ln−2)
and their circular projections onto all planes P 2(C) (C ∈ Ln−2) orthogonal to
Ln−2 are SO(2)-equivalent, then V1 can be obtained from V2 by some rotation
about Ln−2.
Proof of Theorem 4. For visuality, we divide the proof into two steps:
3-dimensional and multidimensional. Let n− 2 = 1.
1. Fix some C0 ∈ L1 and rotate V1 about the axis L1 so that the image
V ′1 and the body V2 have equal circular projection onto P
2(C0), i.e., fC0(V
′
1) =
fC0(V2). These projections are contained in some angle A0C0B0 in the plane
P (C0) and touch the edges of this angle. Hence, the bodies V
′
1 and V2 belong to
the dihedral angle A0C0B0 with the edge L
1 and touch the faces of this angle.
2. If for some C1 ∈ L1 the circular projections fC1(V ′1) and fC1(V2) do not
coincide and are equivalent with respect to rotation in the plane P (C1 by some
angle φ(C1), 0 < φ(C1) < 2pi, then fC1(V
′
1 ) is contained in some plane angle
A1C1B1 and touches its edges, and the circular projection fC1(V2) is contained
in some equivalent angle A′1C1B
′
1 and touches its edges. Hence, the bodies V
′
1
and V2 are contained in dihedral angles A1C1B1, A
′
1C1B
′
1, respectively; these
angles have common edge L1 and their faces touch these bodies V ′1 and V2. This
contradicts to the existence of the dihedral angle A0C0B0 constructed above.
Now let n− 2 > 1.
3. Fix as above any C0 ∈ Ln−2 and rotate the body V1 about the axis
Ln−2 so that the image V ′1 and the body V2 have equal circular projection
fC0(V
′
1) = fC0(V2) in P
2(C0).
4. If for some C1 ∈ Ln−2 the circular projections fC1(V ′1 ) and fC1(V2) do
not coincide, but are equivalent with respect to some rotation ϕ(C1) ∈ SO(2)
of the plane P 2(C1), then since the bodies V1, V2 do not surround L
n−2, their
circular projections V ′1(P
2(C1)) and V2(P
2(C1)) as in 3-dimensional case, belong
to equal plane angle A1C1B1 and A
′
1C1B
′
1 with a common (n− 2)-dimensional
edge Ln−2 and touche their edges. As above, the bodies V ′1 , V2 are contained
in corresponding dihedral angles A1C1B1 and A
′
1C1B
′
1 with common (n − 2)-
dimensional ”edge” Ln−2 and touch their faces.
These angles are congruent with respect to the rotation by the angle ϕ(C1)
in the plane P 2(C1). On the other hand the intersections of the faces with the
plane Pn−k(C0) generate in that plane the dihedral angles with common vertex
C0. These dihedral angles contain the circular projections fC0(V
′
1) = fC0(V2)
and they are congruent with respect to the same nontrivial rotation by the angle
ϕ(C1), a contradiction to non-triviality of this angle.
Remark 8 (a) The case of SO(2)-equivalent orthogonal projections on all 2-
planes, where under additional assumption that the projections of bodies have
no SO(2)-symmetries, it was proven that the bodies V1, V2 are equal with respect
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either translation or central symmetry, was studied in [3]. In contrast to this
study, the conditions of Theorem 4 do not contain asymmetry assumptions, but
– only orthogonal to Ln−2 planes of circular projection are considered,
– the centers of these circular projections belong to Ln−2.
(b) In the same way Theorem 4 can be reformulated for the cases of complex
and quaternion Euclidean spaces where one should consider U(n−k), SU(n−k)
and Sp(n − k)-transformations. In [8] corresponding results were obtained for
the case of orthogonal projections onto (n−k)-planes of complex Euclidean space
for arbitrary k and under assumption that these projections have no U(n − k)
or SU(n− k) symmetries.
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